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Part 1.

Base Lecture
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1. Foundation

Definition 1.1. A graph G is a tuple (V, E) consisting of
* aset of vertices V' and
e asetofedges £ C V x V.
The size of G is equivalent to the number of vetices
IG| == |V]|.
Edges are denoted by the two incident vertices.

» If G is undirected the order of the vertices does not matter and we therefore write

@:{l’,y} GE

o If G is a directed graph, an edge from x to y is written as ordered tuple

e=(z,y) € E.

If no further specification regarding G being directed or undirected is required or the
properties are clear from the context, we can use the simplified notation e = xy.

If clear from the context we can write v € G to abbreviate v € V for a graph
G=(V,E).
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1. Foundation

Example 1.1. The undirected example graph G, given by

Ge = ({L 2,3, 4}7 {{17 2}7 {1? 3}7 {2> 3}7 {37 4}})

can be visually represented as:

Example 1.2. For directed graphs like

gy := ({1? 2, 374}7 {(17 2)7 (27 3>a (374)})

the order of the vertices for each edge matters. In visualizations this is typically indicated
via a directional arrow.

2 4

N

1 3

Example 1.3. A specific graph is the empty given by
Go = (0,0)

which sometimes abbreviated to Gy = ().

Remark. If not declared otherwise, we will assume simple graphs, i.e. graphs with no
self-loops (or ‘reflexive’ edges) and no multi-edges.

If not directly stated or otherwise clear from the context, we will also assume that a graph
is undirected.
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1. Foundation

Example 1.4. The following visualizes the distinguishing of

* multi-graphs with self-loops,

undirected Q and directed Q

* multi-graphs with multi-edges,

undirected *_—° and directed *<_»®

* and simple, directed graphs with multiple edges

2
o e
1
because in the latter case both edges can be clearly distinguished through the ver-
tices alone as (1,2) # (2,1).

Definition 1.2 (Subgraph). Let G = (V, E) and G’ = (V', E') s.t.
VCVandE' CFE

then G is called a subgraph of G.

Furthermore, G’ is an induced subgraph of G if

E'=En{V'x V)
E’ inherits all present edges between vertices in V'

and we write ' = G[V'] or G’ = G| .
(Speaking: G’ is the subgraph of G induced by V')

For a graph G = (V, E) and subgraph G’ = (V', E’) of G we can denote their
(vertex-based) difference as

G-G :=g[v\V'.
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1. Foundation

Definition 1.3 (Adjacency). Let G = (V, E) be a graph.
Two vertices =,y € V are adjacent, or neighbors if

day € E.

there exists an edge between x and y

Definition 1.3.1 (Predecessor & Successor). Let G = (V, E') be a directed graph.
Regarding an edge (z,y) € E from z to y we denote

» z being a predecessor to y and

* y being a successor to .

Definition 1.4 (Neighborhood). Let G = (V, E') be an undirected graph.
The set of neighbors of a vertex v € V' can be denoted by

N@w) ={yeV|{v,y} € E}.

Definition 1.4.1 (Predecessors & Successors). Let G = (V, E) be a directed graph.
For a vertex v € V' we denote

* the set of predecessors
N_(v)or Nip :={y e V| (y,v) € E}
and
* the set of successors

Ni(v)or Now, :={y € V| (v,y) € E}.

Remark. In a directed graph, a vertex’s neighborhood most commonly refers to its set
of successors, however it doesn’t have to and the meaning should always be drawn from
the context.
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1. Foundation

Definition 1.5 (Degree). Let G = (V, E') be an undirected graph.
The degree of a vertex v € V is

d(v) or deg(v) := |N(v)|.

the number of its neighbors

Definition 1.5.1 (In-Degree, Out-Degree & Full-Degree). Let G = (V, E) be a directed
graph.
For a vertex v € V' we denote

* its in-degree as
degin(v) = ’ Niﬂ(v)|7
* its out-degree as

degout(v) = ’NOUt(U)L
and

* its full-degree as

degg, (v) or deg(v) := | Nin(v)| + | Nout |-

Definition 1.6. Let G = (V, E) be an undirected graph.
We denote

¢ the minimal degree in G

6(G) »= min deg(v),

* the maximal degree in G

A(G) := maxdeg(v),

veV

and
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1. Foundation

* the average degree in G

deg(9) := “1/‘ Z deg(v).

veV
Intuitively the following holds:

() < deg(9) < A(9)

Proposition 1.7. Let G = (V, E)) be an undirected graph.
The number of vertices of odd degree is always even.

\. J

Proof. Let G = (V, E) be an undirected graph.
As each edge is defined by exactly two vertices, the number of edges is equivalent to

1
B = 5 3" deg(v).
veV

Due to | E| € Ny, the sum of all vertices must be even and, therefore, the number of vertices of
odd degree must also be even. O

Definition 1.8 (Path). Let G = (V, E) be a graph.
A path is a non-empty graph P = (Vp, Ep) with

* aset of unique vertices Vp = {z9, z1,..., 25} C V and
* aset of (unique) edges Ep = {xox1, 122, ..., Tk 1Tk }-

P is a path of length k = |Ep|.

Typically we write paths as their natural sequence of vertices

If the inner vertices are of no specific relevance, we can abbreviate it as a path
from xg to .
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1. Foundation

Definition 1.9 (Cycle). Let G = (V, E) be an undirected graph and
P=(Vp,Ep)=xp...05_1
apathin G with k > 3. If 3 x,_12¢ € E, then
C := (Vp,Ep U{xp_120}) or shorter C' := P + x_1x0
the extension of P by the edge xx_1xg

is a cycle of length k£ in G.

Definition 1.10 (Walk). Let G = (V, E') be a graph.
A walk of length k£ in G is a non-empty sequence

w = vpegui€] ... €1V St V0 <1 < k: e =vjvi41 €V

If vg = v, we call w a closed walk.

Definition 1.11 (Trail). A trail is a walk where all edges are distinct.

Remark. A path is a trail in which all vertices are distinct.

Proposition 1.12. Let G = (V, E) be a graph.
Every walk between two vertices contains a path between these vertices.

\.

Proof. LetG = (V,E) be agraphand z,y € V.
W.l.o.g. we can assume there exists a walk between x and y and = # y.
Proof by induction over the length of w:

* Induction Predicate P(n):
If there exists a walk w of length n between = and y, then w contains a path between x
and y.

* Basic step:
For a length of 1, there only exists a single edge uv in any walk w. Therefore, P(1) is
true.
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1. Foundation

* Induction requirement (IR):
Let P(k) be true for some k > 1.

* Induction hypothesis (IH):
P(k)= P(k+1)

* Induction step (IS):
W.Lo.g. let w = vpeguy . . . exvg11 be a walk of length k£ + 1 between vy = x and vg11 =

Y.
a) Assume w has no vertex appearing more than once. Therefore, w defines a path.

b) Assume there exist indices 0 < ¢ < j < k + 1 s.t. v; = vj. We can therefore define
a shorter walk

’LU/ =T...€6i-1 Uy €5...7Y
~—~

=v;
which is by construction still a valid walk between x and y.
The walk w’ has length k + 1 — (j — i) < k. By (IR) we know that P(k) is true

and w’ therefore contains a path between z and y. Due to the construction of w’, it
follows that w contains a path between x and y.

= P(k +1) is true.

= Proposition 1.12 holds. O

Definition 1.13 (Connectedness). A graph G is called connected if any two of its vertices
are linked by a path in G.
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1. Foundation

Example 1.5. Our example graph G, is connected:

1
[

\ 3 4

/. [

2
while the variation G/ is not a connected graph:

3 4

[ ]

N,
vV

Proposition 1.14. The vertices of an undirected, connected graph G with n = |G| can
always be enumerated, say vy, ..., vy, s.t. for every 1 < ¢ < n the subgraph G; :=
Gl{v1,...,v;}] is also connected.

Proof. Let G be an undirected, connected graph.
Proof by induction over i:

Induction Predicate P(n):
For every 1 < n < |G| there exists an enumeration of the vertices of G s.t. the subgraph
Gi == G[{v1,...,v;}] is connected.

Basic step:
For ¢ = 1, every possible subgraph G; has only a single vertex and is connected by
definition. Therefore, P(1) is true.

Induction requirement (IR):
Let P(i) be true for some i > 1.

Induction hypothesis (IH):
P(i)= P(i+1)

Induction step (IS):

From (IR) we know that for some ¢ < |G| we already have an enumeration vy, ..., v;
satisfying P(7), i.e. G; := G[{v1,...,v;}] is connected.

Pick any vertex v € G — G;. Due to the connectedness of G = dpath P =wv...v;.
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1. Foundation

Choose the newly enumerated vertex v;41 as the last vertex of P in G — G,.
Then v;11 has a neighbor in the already connected subgraph G;.

Therefore G;+1 := G[{v1,...,vi+1}] is connected.

= P(k +1) is true.

= Proposition 1.14 holds. 0

e N

Definition 1.15 (Euler-Tour). Let G be an undirected graph.
An Euler-Tour is closed walk in G which traverses each edge exactly one.

If such a walk exists, the graph G is called eularian.

Theorem 1.16 (EULER (1736)). Let G = (V, E') be an undirected, connected graph.

Giseularian <& Vv eV : deg(v) is even.

\. J

Proof. Let G = (V, E) be an undirected, connected graph.

(=) Given an Euler Tour, any vertex appearing & times (or k£ + 1 times for the start/end vertex)
must have a degree of 2k.

(<) W.Lo.g. let all vertices in G have even degree.
Let w = wpeq . .. ex_1v; be the longest possible walk in G that traverses no edge more
than once.
To prove:

* w is a closed walk. Proof by contradiction:

Assume: w is not a closed walk, i.e. vy # vg.

= vy is incident to an odd number of edges (in w). % Definition of G
= since deg(vp) iseven 3y € V : e = voy € E which is not in w.
= we can therefore construct a walk

w’ 1= yevgeg . .. Uy

which would be longer than w. % Definition of w

» w traverses all edges of G. Proof by contradiction:
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1. Foundation

Assume: 3 e € E which is not traversed by w.

W.l.o.g. we can assume that e is not only outside of w but incident to it (i.e. incident
to one of its traversed vertices)

Let v; be a vertex in w incident to e s.t. 3v € V : e = uwv;.

As w is a closed walk we can construct a walk

w’ = Uuevie; ... €1 UV €gV1...€;_17;
~—~

=g

which would be longer than w. % Definition of w

= w is an Euler Tour.
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2. Algebraic Graph Theory

Definition 2.1 (Adjacency Matrix). Let G = (V, E') be an undirected graph.
The adjacency matrix A € {0, 1}1V1*IVl is defined by

1 ifaxye E,

Vz,yeV: Avy = Ay = { 0 otherwise.

The entries in the adjacency matrix A for vertices = and y are often also denoted with
Agy.

Example 2.1. We again consider our undirected example graph

Ge 1= ({17 2,3, 4}7 {{17 2}7 {17 3}7 {27 3}7 {37 4}})

Using the numerical ordering of the vertices we get the graphs adjacency matrix as

O = = O
O = O =
O~ OO

1
1
0
1
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2. Algebraic Graph Theory

Definition 2.2 (Degree Matrix). Let G = (V, E) be an undirected graph.
The degree matrix D € N‘OVI *“IV1is defined by

degx ifx =y,

Vz,yeV: Dyy = Dy, = { 0 otherwise.

Example 2.2. For our example graph G., its degree matrix is

O O O N
O O N O
S w O
o o O

Definition 2.3 (Incidence Matrix). Let G = (V, E') be an undirected graph.
The incidence matrix H € {0, 1}/VI*IEl is defined by

1 ifz €e,

v E Ve c s Hae 1= { 0 otherwise.

Example 2.3. For our example G, with additional edge enumeration via

1
w
3d 4
b
z
®

2

we get the incidence matrix as

Hy, Hiy Hic Hyg
Hyy Hop Hoe Hayg
Hs, Hs, Hs. Hsq
Hyo Hyy Hie Huyg

S = O =
S O = =
O = = O
= =0 O
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2. Algebraic Graph Theory

Observation 2.3.1. Let G = (V, E) be an undirected graph and H the corresponding
incidence matrix.

VeecE: Zerzz
veV

Observation 2.3.2. Let G = (V, E) be an undirected graph and H and A the correspond-
ing incidence and adjacency matrix, respectively.

YreV: Zer: ZAxy:ZAyx:deg(x)

eckE yev yev

J

Using these observations, it is interesting to look at the product of the incidence matrix and its
transposed version.

Let G = (V, E) be an undirected graph and A, D, and H the matrices per above notation.

(HH"), = Hpe HlY = Hue- Hye
eck eck

Letz,y e V.
cifx#y

( H HT) _ 1 ifz anq y are adjacent,
Yy 0 otherwise

= (HHT)Iy = Agy

cifr=y

(HHT),, =S Hye-Hee =S B2 Y S H, = deg(a)

eceE eck eclr
(*) due to Hye € {0,1}
= (HH"),, = Dy
Therefore the following holds:
HH" = A+ D
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2. Algebraic Graph Theory

As a conversion method from undirected to directed graphs we define the concept of an orienta-
tion:

e N

Definition 2.4 (Orientation). Let G = (V, E') be an undirected graph.
An orientation of G is a directed graph G’ = (V, E’) with

{r,y} e E & (x,y) € E'or (y,2) € E'

As a visualization, each undirected edge

gets converted to either

Remark. Intuitively, for each directed graph G there also exists a (unique) directed graph
G’ with G being an orientation of G'.

We can now define the the adjacency and incidence matrix for directed graphs as well.

e N

Definition 2.5 (Adjacency Matrix). Let G = (V, E) be a directed graph.
The adjacency matrix A € {0, 1}1VI*IVl is defined by

1 if (y,z) € E,

VE,yev: Aay = { 0 otherwise.

Note: The entry A, corresponds to an edge from y to x.

Example 2.4. We consider the directed example graph

Gq = ({17 2, 3}a {(1> 2)7 (27 3)})

N
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2. Algebraic Graph Theory

Using the numerical ordering of the vertices we get the graphs adjacency matrix as

Arn A A 0 0 0
A= AQ’l A272 A273 = 1 0 0
Azl Aszz Aszgs 010

Definition 2.6 (Incidence Matrix). Let G = (V, E) be a directed graph.
The incidence matrix H € {—1,0, 1}VIXIFl is defined by

1 ifdyeV: (y,z)€e,
VeeV,ecE: Hye: =< -1 ifdyeV: (z,y) €Ee,
0 otherwise.

Example 2.5. For our directed example G; with additional edge enumeration via

N

we get the incidence matrix as

Hy, Hyy -1 0
H=| Hy Hy |=| 1 -1
Hs, Hsp 0 1

Notation. For most cases, we will simply use the respective symbols for the adjacency
and incidence matrix, namely A and H, for directed and undirected graphs.

However, if not clear from the context, e.g., when talking about an undirected graph and
its orientation, we will use the symbol

A for undirected and A~ for directed graphs.

The notation for the incidence matrix is equivalent.

Using these definitions, it is again interesting to look at the product of the incidence matrix and
its transposed version for directed graphs (or orientations of undirected graphs).
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2. Algebraic Graph Theory

Let G = (V, E) be an undirected graph and G’ = (V, E’) an orientation of G.
Additionally let A := A", D := D¥* = D, and H := H " the matrices per above notation.

HH"Y =N "H,.-H' =S H,.-H
(HHT), = ey

ecE ecE
Letz,y € V.
cifr=y
(HHT)M = deggu ()
= (HHT)xy = Dmy
s ifx#y
( H HT) _ 1 ifx anc.1 y are adjacent,
zy 0 otherwise
= (HHT)xy = — Ay,

Hence, we can define the following result:

Definition 2.7 (Laplace Matrix). Let G = (V, E) be an undirected graph and G’ =
(V, E’) an orientation of G.
The Laplace matrix (or Laplacian) of the graph is defined by

L:=H7H?T = D® — A<,

Excursion: Spectral graph theory

Definition 2.8 (Eigenvalues & Eigenvectors). Let A € R™*" be a quadratic matrix.
The spectrum of A is the set of all values A € C satisfying

A -z = Xz for some vector 0 #£ z € R".

These values A are called Eigenvalues (abrv. E.V.) and the corresponding vectors x are
called Eigenvectors (abrv. E.Vectors).
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2. Algebraic Graph Theory

If A is a symmetric matrix, then additionally the following holds:
(1) All Eigenvalues are real (A € R).
(2) If we have two Eigenvalues Ay # Ay with
A-x=X-xzand A-y=Xy-y
for some vectors z,y € R™, then

@yy=) =iy =0

Different Eigenvectors have to be orthogonal to each other.

Remark. Eigenvalues for a matrix A can be calculated by
det(A—AI)=0

which is a polynomial of degree n in \, called the characteristic polynomial of A.

The only interesting thing for us right now, is that as a result there are at most n different
Eigenvalues, and exactly n Eigenvalues when counting multiplicity.
The spectrum of A can therefore be noted as

A< A< <N\,

Another interesting concept regarding matrices is the quadratic form.

7

Definition 2.9 (Quadratic Form). Let A € R™" be a quadratic matrix and & € R" a
vector.
The quadratic form is given by:

(& ATY =) ;- Ay - T =D _ T~ (AF),
ij i

If Z is an Eigenvector of A, then there exists an E.V. A s.t. AZ¥ = A% and as a result

(T, AZy =) F- A=) a7

End of Excursion
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2. Algebraic Graph Theory

Proposition 2.10. Every Laplacian of a graph has the vector

as one of its Eigenvectors.

\.

Proof. Let L € (Ng U {—1})"*" be the Laplacian of a graph G = (V, E).

VzeV: (L-1)x:ZL$y.(\1,).y/

yev e}
- Z Lay
yev
= degpn () + Z Ly
cz#yeV

= degp,(x) — degg,(z) =0

= L-1=0-1.

7

Corollary 2.11. Every Eigenvector £ with Eigenvalue \ # 0 must satisfy

E1)=0=> z;-1=>

Z must be orthogonal to the constant vector 1.

Definition 2.12 (Connected Components). Let G = (V, E) be a graph.
The connected components of G are the (vertex based) maximal subgraphs of G, s.t. each
subgraph is connected.

Example 2.6. Consider the graph G with
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2. Algebraic Graph Theory

8 9

10

[0
N\

2 4 7
[ ] [ ] ———
[ ]
r——O [
1 3 5 11
then its connected components would be
cG1= g[{lv 2, 3}]’
* Go=G[{4,5}],

* G3 = G[{6}], and
« Gy =G[{7,8,9,10,11,12}].

12

Notation (Block-diagonal Form). For any graph G with connected components, its sym-
metric matrices (exemplified with the adjacency matrix) can be written (through enumer-
ation of the vertices) as the block-diagonal form using the matrices of its components.
For the graph G from Example 2.6 we get:

Ag, 0 0 0

Ag = 0 | 4p [0 0
B O S " S

0 {1 0 {0 Ag

Observation 2.12.1. Let Ly, ..., L4 be Laplace-matrices an L the Laplace-matrix result-
ing through

Ly 0:0:0

,,,,,,,,,,,,,,,,,,,,,,,,,
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2. Algebraic Graph Theory

Additionally, let & be an Eigenvector of Lo s.t. 3 A : Lo - Z = A - Z.

Lii0:0:0 0 0 0
0L 00 E | e |
010 1Ls: 0 o | o [~ 0
07010 Ly 0 0 0

Therefore, 7’ is an Eigenvector of L and as a result is \ also an Eigenvalue of L.

Corollary 2.13. Let G be a graph an L its Laplacian.
If G has k connected components then L has k& orthogonal Eigenvectors with the same
Eigenvalue of 0.

Example 2.7. For two Laplacian L1, Ly we get
Llo (L) = 0 - Ly _ 0 - 0 _ L10 (0
0 ! Lo 0) ~\0/) ~~\1/) \ 0Ly 1)
' =\ =2 '

We will now take a closer look at quantifiable values for graph connectivity.

Definition 2.14 (Vertex Cut-Set). Let G = (V, E) be a graph.
A vertex cut-set K of G is a set of vertices s.t. removing K leaves G[V'\ K| disconnected.

Example 2.8. For the example graph Gy

1 2 3 4 5

possible cut-sets are {2}, {3}, {4}, {2, 4} with the smallest being of size 1.

The example graph G» has a smallest possible cut-set of size 2:
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2. Algebraic Graph Theory

S

Definition 2.15 (Vertex-Connectivity). Let G = (V, E) be a graph.

G is k-vertex-connected if one needs to remove at least k£ vertices to make G disconnected
or to leave only a single vertex.

We denote the vertex-connectivity as

v(G) = min{|S| | S C V is vertex cut-set of G} U {|V| — 1}.

\.

Similarly, we can define edge cut-sets and edge-connectivity.

Definition 2.16 (Edge Cut-Set). Let G = (V, E) be a graph.
An edge cut-set K of G is a set of edges s.t. removing K leaves G’ = (V,E \ K)
disconnected.

Definition 2.17 (Edge-Connectivity). Let G = (V, E') be a graph.
G is k-edge-connected if one needs to remove at least k edges to make G disconnected.
We denote the edge-connectivity as

e(G) = min{|S| | S C F is edge cut-set of G}.

Corollary 2.18. The vertex-connectivity (and also the edge-connectivity) of a discon-
nected graph is 0.

Proposition 2.19. For every (non-trivial) graph G the following holds:

v(G) < e(9)

vertex-connectivity is lower or equal to edge-connectivity
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2. Algebraic Graph Theory

Proof, adapted from Diestel (1997). Let G = (V, E) be a (non-trivial) graph and let ' C F be
any edge cut-set s.t. G’ = (V, E \ F) is disconnected, i.e. e(G) = |F|.
We show that v(G) < |F|.

* Suppose first that G has a vertex v € V that is not incident with an edge in . Let C C V

be the connected component of G’ containing v.

Then the vertices of C' that are incident with an edge in F’ separate v from G[V \ C], i.e.
C'\ v is a vertex cut-set of G.

Since, by minimality of F', no edge in F' has both ends in C, there are at most |F’| such
vertices giving v(G) < C'\ v < |F)|.

Suppose now that every vertex of G is incident with an edge in F'.

Let v € V be any vertex and let C' C V' be the component of G’ containing v.

Then the neighbors w of v with vw ¢ F lie in G[C] and are incident with distinct edges
in F', giving degg (v) < |F|.

As Ng(v) separate v from all other vertices in G, this yields v(G) < Ng(v) < |F
there are no other vertices, i.e. unless Ng(v) Uv = V.

However, as v was an arbitrary vertex, we may assume that G is complete, giving v(G) =

e(G) = V] - L.

, unless

Definition 2.20 (Algebraic-Connectivity). Let G be a graph and L its Laplacian.
The 2nd-smallest Eigenvalue A5 of L is called the algebraic-connectivity of G

a(G) = Aa.

\.

Lemma 2.21. Let G be a graph and L its Laplacian.
All Eigenvalues of L are non-negative.

J

Proof. Let L be a graph Laplacian and G = (V, E) a corresponding directed graph with its
incidence matrix H.

Let A be an E.V. with ¥ as its E.Vector.

From Definition 2.9 we know

| 2

8y

(Z,LT) = \-

¥
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2. Algebraic Graph Theory

and therefore

(Z, LTy = (2, HH'Zy=(Z-H-H' - %)

Lemma 2.22. Let G be a graph.

a(G) =0 & @ is not connected.

Lemma 2.22 stated here without proof.

Theorem 2.23. For all graphs G holds:

a(G) < v(9)

Before we prove Theorem 2.23, we first introduce some smaller results.

e N

Proposition 2.24. Let G; = (V, E1),Gs = (V, E3) be two edge-disjoint graphs on the
same vertex set.
There is a well-defined union graph

Gi1UGs := (V,E1 UE»y)
with

a(G1 UG2) > a(G1) + a(Ga).

\. J

Proof. Let Gy = (V, E1),Gs = (V, E2) be two edge-disjoint graphs on the same vertex set.
Furthermore, let L; be the graph Laplacian of G; for i € {1, 2}.
We take the following result as already proven:
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2. Algebraic Graph Theory

For the second-smallest Eigenvalue A5 of a graph Laplacian L, the following holds:
A2 = min (&, L¥
2 = min (7, L%)
with
W ={Z|1=|7*> A (&,1)=0}.
The construction of W thereby ensures that if & is an Eigenvector of L we get

(&, LTy = \-|Z]* = \.

‘We can then conclude

a(G1UGy) = féivI[}{@’ <L(Ql) (J*F) L(QQ)) )}

= min{(7, L1.F) + (7, Lo}
> mIreliVl[l/{<f, L1z} + géiv%{@’ Ly7)}
=a(Gy) + a(G2)

(x) valid, as G1 and G» are edge-disjoint ]

e N

Corollary 2.25. If G = (V, E),G' = (V, E’) are two graphs on the same vertex set and
E' C E then

a(9') < a(9).

\. J

Now onto the actual proof of Theorem 2.23:

Proof. Let G = (V, E) be a graph with |V| = n.
Let v € V be an arbitrary vertex.

Let G1 = (Vi, E1) = G[V \ {v}] be the graph G after removing vertex v and, additionally, let G’
be the graph retrieved after connecting v to all vertices in G;

G = (V,EyU{vz |z € V}).
From Corollary 2.25 we get

a(g) < a(g").
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Let A, D be the undirected adjacency matrix and degree matrix of G; respectively.
Futhermore, let L be the Laplacian of G; and L the Laplacian of G’.

-1
1 :
I 1+D—-A -1 B Li+1 1
= -1 | = :
] U ST
-1 -1 -1 -1 ... n—1
Let 7 be an E.Vector of Ly with E.V. \(1;
Li-z=X\V.z

o 8y

‘We claim that (

e N

Proof.

\. J

This results in a(G1) < a(G’) — 1.
= a(g) —1<a(Gy).

This concludes that if you remove k vertices from a graph, its algebraic-connectivity goes down
by at most k. However, if a graph is disconnected, its algebraic connectivity is 0.

= a(G) < v(9). O

Remark. For completion, the connection between the edge-connectivity and the algebraic-

connectivity is
e(g) - <1 — cos (’ﬂV|>) < a(9)

foragraph G = (V, E).
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2. Algebraic Graph Theory

Definition 2.26 (Fiedler-Vector). Let G be a graph with its Laplacian L.
The vector & with

is called the Fiedler-Vector.
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3. Cycles in Graphs

We expand the definition of cycles (1.9) by

7

Definition 3.1. Cycles can be distinguished into

(1) elementary (or simple) cycles,
* closed path (original definition)

* each contained node has a degree of 2

(2) and generalized cycles.
* edge-disjoint union of elementary cycles

* each contained node has an even degree

Example 3.1. Using Definition 3.1 we can distinct

-
-

————©@

* elementary cycles,

 generalized cycles,

—0 —0
.\ .\ .\ / \
.—./ [ ] .—./
* and walks, that are neither elementary or generalized cycles.

>

and
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Remark. Every Euler-Tour is a generalized cycle and can therefore be decomposed into
edge-disjoint elementary cycles.

To conceptualize the symmetric difference of edge sets as a way of joining cycles, we first intro-
duce the Semiring S = ({0,1},®, ®, 0, 1) with the binary operators defined through

a0 1 ®l0 1
0[0 1 and 0|0 O
111 0 110 1

The additive operation is thereby identical to “XOR”.

Defining (generalized) cycles C and C' with their respective edge sets /1 and Fo we can create
a new (generalized) cycle Cs, spanning the vertices of both cycles, via

Ei1® FEy=F3= (El UEQ)\(ElﬁE2>.

Corollary 3.2. Every sum () of two generalized cycles is again a generalized cycle.

This allows for the increase of a cycles span (and the later concept of cycle bases), through
XOR-union of smaller cycles’ edge sets.

Observation 3.2.1. Let G = (V, E) be an undirected graph and H its incidence matrix.
As H is also defined over the set {0, 1}, in combination with the characteristic vector
x(C) of acycle C, being defined through

1 ifeeC,
0 otherwise,

Vec E: x(C’)e:{
we get (under the foundation of the Semiring .5)

VeeV: @Hwe'x((])e:().

eck
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3. Cycles in Graphs

Therefore, we can conclude that every subset C' C FE is a cycle if and only if

H-x(C)=0.

Observation. Let G = (V, E) be a graph with m = |E|.

As each unique cycle C' as a corresponding unique representation through its unique,
characteristic vector x(C) € {0,1}™, the total number of generalized cycles in G is
bound to be lower or equal to 2™ = [{0, 1}™|.

Example 3.2 (Neclace-graph). We consider the undirected example graph Gy = (V, E)
with k£ “diamonds” and n = |V| = 4k:

S
..4/ N
N

e

v
P

/

= Gy has a maximum of 2k + k cycles.

Definition 3.3 (Generating Set). Let G = (V, F) be a graph.
A set of cycles (G is a generating set if for every cycle D in G holds

i¢cc: P =o
CceG’
D can be constructed through the sum (&) over a subset of ¢

(see Example 3.3 for visualization)
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Instead of a subset, we can construct a cycle D through a selection vector
(A, Az, Ajgy) € {0,111

such that

D=@Pr-C

ceG

Example 3.3. Consider the following graph G with a generating set G of three elementary

cycles C, C5, and
A
N N\~

All other (non-trivial) cycles can be generated as follows:

01 ® Co . Cy @
: o<i :>o<\ :
I \\\ ,,/ \\\ //,I.
\ /\ / \ \ ! B

C®Cyd
.—
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3.1. Linear Independence & Cycle bases

e N

Definition 3.4 (Linear Independence). Let J be a set of cycles.
J is linear independent (l.i.), if no cycle D € J can be written as the sum (&) of some
other cycles in J \ {D}:

Y (A, A € {0,131 (@)\C-C:()) = VCeJ: A\c=0)
CeJg

Remark. The expression in Definition 3.4 is a sufficient description of linear indepen-
dence.

Consider the set of cycles G with D € G. If G is not linear independent, i.e. there exists
G' CG\{D} st

® 10

CceG’ Ao
then we get
b clel D=DeD=0
CeG’ No Ap

violating the denoted expression with 1 = \¢ # 0 for each C € G' U {D}.

Definition 3.5 (Cycle Basis). A cycle basis is a minimal generating set of cycles if and
only if it is a maximal linear independent set of cycles.

\.

Before discussing a method of constructing a cycle basis, we first need to (briefly) introduce
spanning trees.

e N

Definition 3.6 (Trees & Forests). An acyclic graph F, i.e. one not containing any cycles
is called a forest.

If F is also a connected graph, then it is called a tree.
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Corollary 3.7. A connected graph with n vertices is a tree < it has n — 1 edges.

Definition 3.8 (Spanning Trees). Let G = (V, E) be a connected graph.
LetT = (V',E')withV' CVand E' C EbeatreeinG.
We call T a spanning tree of G if V/ = V.

Remark. Every connected graph contains a (normal) spanning tree.

Construction 3.9 (KIRCHHOFF-Basis). Let G = (V, E) be a connected graph.
Construct a cycle basis B as follows:

1) Construct a spanning tree T = (V, E') in G.

2) Foreachedge e € E \ E' consider T, = (V, E' U {e}).
Claim: T}, contains a unique cycle.

Letz,y € V s.t. e = xy. Then x and y are connected by a unique path P, in T
(due to connectedness of trees).
= P,, Ueisaunique cycle

We denote this cycle as cyc(T, e) := Py, Ue.

3) B={cyc(T,e)|ec E\ E'}

B is L.i. because for every cycle cyc(T, ) the edge e is by construction not present
in any other cycle cyc(T, €’) with e # €.

Let n := |V| and m := |E|. The cardinality of B is

B = |[E\ E'|=|E|~ |E'|=m~ (V| -1) = m —n+1

m
~—
<n?

This is called the cyclomatic/ Euler-/ 1st Betti number 1(G) = |B].
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Observation 3.9.1. Let G = (V, E') be a graph with k connected components
gl = (‘/17E1)7 g2 = (VY2a EQ); CIRIEINS gk’ = (Vka Ek)

Due to the definition of connected components we know that the vertex sets V; and edge
sets F; are pairwise disjoint, full partitions of V' and FE respectively. Thus

k k

wg) = Zﬂ(gi) =Y (Bl -Vil+1) = [B| +|V|+k

Definition 3.10 (2-Connectedness). Let G be a graph.
G is 2-connected if and only if every two vertices are contained in a cycle.

Definition 3.11 (Block). A block in a graph is a maximal 2-connected subgraph or a
singular edge, that is not contained in any cycle.

The decomposition of the edge set of a graph into blocks is unique.

Observation. All elementary/simple cycles are contained in a single block.

Example 3.4. The following example graph contains 2-connected subgraphs. Dashed
outlines mark the boundaries of each respective block.
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Observation. Every cycle basis consisting of elementary cycles is the union of cycle
bases for the respective block of the graph.

Example. One use case for cycle bases in the bioinformatics is for genome assembly.

A sequencing result from a double-stranded DNA region (boxes represent overlaps)

DNA

can be converted in a corresponding signed overlap graph

- ° +
/ \ vertex read
.\
) ®

e with: edge = overlap

/ sign relative reading direction

However, for an alignment to be correct it the changes in read direction must cancel out
over the entire alignment, i.e. an overlap graph such as

+

is not possible and would indicate a problem in the dataset (false-positive overlap).

As these ‘impossible’ alignments are represented through cycles with odd parity, genome
assemby algorithms could use cycle parity as an easy-to-compute filtering step.

This could be done using the Kirchhoff construction in linear time and check the basis
cycles.

In praxis, genome assembler construct a min-/max-weight spanning tree where the weight
function represents some quality measure of the overlaps.
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In addition to the Kirchhoffbasis, we now introduce another approach for constructing bases:
ear cycle bases.

e N

Construction 3.12 (Ear Decomposition). Let G = (V, E) be a (at least) 2-connected
graph.
An ear of G is a path P from zq to z, (thus of length L) in G s.t.

(i) zo # vr,
(i) VO< k< L: deg(z) =2, and

(iii) deg(xo),deg(xr) > 2.

Example: Ear from xg to x;, and remaining subgraph G':

Lo

Removal of an ear means:
a) Removal of every inner vertex x; V 0 < ¢ < L of the ear
b) if L = 1: Remove edge xgxr,

Therefore, removal of an ear results in the subgraph

G =(V\{zi|0<i<L},E\P)
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3. Cycles in Graphs

An ear decomposition is a sequence of graphs (G;) and respective removals of ears
(O;) as follows:

(Go,01,G1,02,Ga,...,0n,GnN)
with the conditions:
i) G = Go,
(ii) G;41 is the result of removing ear O; 1 from G;,
(iii) every G; is 2-connected, and

(iv) Gy is an elementary cycle.

\.

For the correctness of above construction, we state the following theorem without proof:

7

Theorem 3.13. Every 2-connected graph has an ear decomposition.

tion
(g)013g17027g27 .. ')ONvgN)

and additionally let C'x; denote the remaining elementary cycle in Gy.
(%) (@)

ac(Li) and :z:éi) (forall 1 < ¢ < N). As G; is by definition 2-connected, we know that one
such path P; exists.

We define an ear cycle basis of G as

Bo=(PLUO1,P,UOs,...,PnyUOpN,Cn41).
——— N——— —_——
C1 CQ CN

Definition 3.14 (Ear cycle basis). Let G be a 2-connected graph with an ear decomposi-

For every (ear) path O; between nodes x,” and z;’, let P; be a path in G; between nodes
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It leaves to show that By is really a cycle basis. For this matter, we have to prove that

(i) By is Li. and

(i) |Bo| = pu(G)-
Proof. Let G = (V, E) be a 2-connected graph with an ear cycle basis
By =(PLUO,P,UOs,...,PnUOpN,Cny1).
N N—— — ~———
C1 CQ C1]\1

* We first prove (i):
By construction O; contains edges that are not in G; and thereby not in any other cycle.
= (] = P;UO; cannot be constructed by a combination of any other cycles Co, ..., Cn4 ;.
Thus, C1 is 1i. from all other (following) cycles.
= by setting G = G; for any 1 < ¢ < N, the same follows by induction.
— Bpisli

* To prove (ii) we have to show that
[Bol = N +1=p(G) = E[-[V[+1

holds. We recall that by construction the removal of ear O with length L from G creates
G, as follows:

Gr=V\{zi|0<i<L},E\Oy)
Vi:i= Er1:=

We therefore know
Vil=|V|-(L—-1)=|V|—L+1land |E1|=|E|-L
which concludes to
w(G) =B - Vi|+1=|E|-L—-(|V|-L+1)+1
=|E|-L—-|V|+L-1+1
=(BE|-V|+1) -1
=u(@g) -1

= by induction, we get that removal of 1 ear decreases (G) by 1.
= with N removals we thus have p(Gy) = p(G) — N.
As G consists of a singular, elementary cycle Cy1 we also know that u(Gy) = 1.

w(Gn) = n(G) — N

1=puG)—N | + N
N +1=u(g)
Therefore, By is indeed a cycle basis. O
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3.2. Fundamental & Strictly Fundamental Cycle Bases

7

cycle basis of G.

B is strictly fundamental if for every order of its cycles C1, . . ., CL @)

k-1

G\Jci#0

=1

holds for all 1 < k < u(G).

Definition 3.15 (Strictly Fundamental). Let G be a graph and B = (C4,...,C

Theorem 3.16. If B is a Kirchhoffbasis then B is strictly fundamental.

Proof. LetG = (V, E) be a connected graph, T' = (V, E’) a spanning tree in G and
B = {cyc(T,e) |e € E\ E'}

a Kirchhoffbasis of G as by construction.

We know that each cycle cyc(7T', e) in B contains the corresponding edge e which (by construc-

tion) cannot be part of any other cycle in B.
Therefore, B is strictly fundamental.

O]

Example 3.5. Consider the following graph G.

A possible ear cycle basis B with
B={<,A,>,V,0}andalso <& A B>V =G
results in

O\ («UaU>UV) =10
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Observation 3.16.1. As seen from Example 3.5, B is an ear cycle basis which is not
strictly fundamental.

= Ear cycle bases in general are not strictly fundamental.

Definition 3.17 (Weakly fundamental). Let G be a graph and B = (C4,...,Cyqg)) a
cycle basis of G.
B is weakly fundamental if any order of its cycles C1, . . ., C; ©) exists s.t.

k—1

cG\Jci#0
i=1

holds for all 1 < k < u(G).

Sometimes this property is simply called fundamental.

Proposition 3.18. Every ear cycle basis is weakly fundamental.

Proof. Let G be a 2-connected graph and B = (C1,...,C)g)) an ear cycle as by Defini-
tion 3.14.

When we reverse the order of the cycles

CMH(Q), CM|(Q)’ . ﬁl
|
! ! /
. Gy Ciuo)
every C), has edges which are by definition not present in any C; for 1 < i < k. O
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3.3. Minimal Cycle Bases & Canonical Greedy

w : E—)RZO

 The cardinality of the edge set of C'is defined as

C] == wle).

ecC

* The length of the basis B is denoted as

len(B) := Z |C.

ceB

A cycle basis is called minimal, if for every other cycle basis B’ of G holds:

len(B) < len(B')

Definition 3.19. Let G = (V, E) be a graph, C a cycle in G, B a cycle basis of G, and

a positive weight function. The base case for the weight functionis e — 1 foralle € F.

Excursion: Matroids

Definition 3.20 (Matroid). A matroid M is a tuple (X, Z) with
* abase set X (for us: set of all cycles),
» aset of linear independent sets Z C 2% (all Li. sets of cycles), and

* properties
i 0ez
(i) AcZT N BCA=BecZund

(iii) A,B€Zmit|B|<|Al=3zx€ A\B: BU{z} .
(Multiple-Exchange-Property, ger: “Auswechseleigenschaft™)

End of Excursion
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Theorem 3.21 (by KRUSKAL). M = (E,Z) is a matroid if and only if the canonical
greedy algorithm yields an optimal solution for any (positive) weight function.

Algorithm 3.1 (Canonical Greedy Algorithm). Let G = (V, E) be a graph with k con-
nected components and M = (X, Z) the matroid over all cycles in G.

(i) order input X increasingly by cardinality of cycles (see Definition 3.19)
(i) B+ 0
while X #( do
C <+ dequeue(X)
if (BU{C}) €Z then
B+ BU{C}
break if |B|=|E|—|V|+k
return B

Example 3.6. As a reminder: The “naclace-graph” Gy = (V, E') with k “diamonds” and
n=|V| =4k

S
..4/ N
N

e

has 2" cycles with length 3n.
= # of cycles grows exponentially.

J

The canonical greedy algorithm (CGA) in theory guarantees an optimal solution, however, the
required workload for indexing and ordering all cycles makes this approach not feasible for
application. Instead we look at other distinctive properties of cycles.
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Definition 3.22 (Relevant Cycles). Let G be a graph.
A cycle C in G is called relevant if it is contained in at least one minimal cycle basis
(MCB).

Definition 3.23 (Essential Cycles). Let G be a graph.
A cycle C'in G is called essential if it is contained in every MCB.

Proposition 3.24. Given cycles C, Cy, Cy with |C| > |C1], |Ca.

C =C1 9 Cy = (Cisnotrelevant

\. J

Proof. Let G be a graph and C, C1, Cs cycles in G with |C| > |C4], |Ch|.

Due to their difference in cardinality, C'; and C are chosen before C' in the CGA.

(C1, Cs could also be the sum of even shorter cycles, which still results in linear dependency)
= ( cannot be added due to Li.-test failing. O

This claim can be further generalized:

Corollary 3.25. Let G be a graph.
A cycle C' is not relevant (in G) if it can be constructed from smaller cycles.

C=@pCiwith C; € B

=1

for any cycle basis B (of G).

This conclusion opens up the question about the properties of a cycle, that cannot be constructed
as a sum (p) of shorter cycles.

Observation 3.25.1. Let G be a graph and C' a cycle in G that cannot be constructed from
shorter cycles.
We modify the CGA (Algorith 3.1) as follows:

* order input X in step (i) s.t. C' is the first cycle of length |C|

= V ' before C'in X : |C'| < |C]
=- ('is linear independent to the previously constructed I3 (i.e. linear independence test
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succeeds) and is therefore added to B.
= ('is in at least one MCB and thus relevant.

Theorem 3.26. Let G be a graph and C a cycle in G.

a) C is relevant if and only if C' cannot be constructed as the sum () of shorter
cycles.

b) If C is relevant and also the only cycle of size |C|, then C'is essential.

\. J

Proof. Trivial with Observation 3.25.1 and definition of the CGA. U

Example 3.7. Consider again the graph G = (V, E) with |V| =8,

E| =12, and
w(G)=12—-8+1=5.

A
{

The noted ear cycle basis
B={<,A,r>,v,0}
is the only MCB of G.

However, considering the spanning tree 7' = (V, E’) (full lines) with the separate edges
E\ E’ (dashed lines)

€2

ei' T \»
\.\ ’

— o €4

€5 \‘o
the corresponding Kichhoffbasis
K = (cycle(T, e1),cycle(T, es), cycle(T, e3), cycle(T, eq), cycle(T, e5))

is not a minimal cycle basis of G.
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Observation. Neither Kirchhoff nor ear decomposition produce in general a MCB.

Definition 3.27 (Chords & Chordfree). Let G = (V, E') be a graph and C a cycle in G.
Achordin C'in Gis anedge e = zy € E \ C s.t. the endpoints = and y are incident to
edges in C.

C'is called chordfree (in G) if no such chord exists in G.

\.

Proposition 3.28. Let G be a graph.
Necessary conditions for a cycle C' in G to be relevant are:

(i) C'is an elementary cycle, and

(ii) C'is chordfree.

Proof. Let G be a graph and C' a cycle in graph.
Condition (i) follows directly from Theorem 3.26.
We prove condition (ii) by proving its contra-positive:

C' is not chordfree = C' is not relevant

Let C be not chordfree, i.e. let e = xy be a chord in C.
We can therefore define paths

P = ny and P, := Pyz S.t. |P1|, |P2| >2

which divide C into

Ci=P U {6} and Cy = P, U {6}

yielding

C=CipCy =P D Ps.

Due to

IC| = [P| + |Pe| > [P+ 1, [P +1
—_—— ——
=|C1] =|Cs]

the cycles C; and C are a linear combination of C' from smaller cycles.
Therefore C is not relevant.
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Definition 3.29. Let G = (V, E) be a connected graph and =,y € V two arbitrary
vertices.
The distance between x and y (in G) is defined as
dist = in |P
istg (x, y) e | P|
Length of the shortest path between x and y

If the respective graph G is clear from the context, the subscript may be dropped.

Definition 3.30 (Isometric). Let G = (V, E) be a graph.
A subgraph H = (V' E') of G is isometric to G if

Va,ye V' disty(x,y) = distg(z, y).

Proposition 3.31. Let G = (V, E) be a graph, C a cycle in G and H = (V/,C) the
subgraph of G induced by C.

C'is relevant = H is isometric to G
<«

Proof. LetG = (V, F) be a graph, C a cycle in G and H = (V’, C) the subgraph of G induced
by C.

Proof of contra-positive:

Assume H is not isometric to G

= Jx,y € V' i distg(z,y) < |Pyyl, |Pye = C'\ Py

= Jpath Q from z to y in G with distg(x,y) = |Q| < |Pryl, | Pyz|
= we can define cycles C := P, © Q) and C5 := Py, © () with

Cl@CZZny®Q@Q@Pyx:C
0

and by construction |C |, |Ca| < |Pyy| + |Pyz| = |C].
= The cycles C'1 and C5 are a linear combination of C' from smaller cycles.
Therefore C is not relevant. O
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Example 3.8. As a counterexample to the second implication (from isometric to relevant)
in Proposition 3.31, consider the example graph G given by:

The cycle

C= {(1’ 2)7 (27 3)’ (374)’ (47 1)}

is obviously not relevant as it can be constructed from the combination of all 10 elemen-
tary triangles.
However, C' is isometric as for every pair of nodes z,y in C

(i) if (x,y) € C, then the path P,,, = {(z,y)} is already minimal with
|Ppy| = 1 = dist(x, y)
(assuming default weight function), and

(i) if (z,y) ¢ C, i.e. for the pairs (1,3) and (2,4) the paths P, 3 = {(1,2),(2,3)}
and P> 4 = {(2,3), (3,4)} respectively are minimal with dist(z,y) = 2.

Page 51 of 98



3. Cycles in Graphs

Definition (Edge-Short). Let G = (V, E)) be a graph.
A cycle C'in G is edge short if it contains an edge e = wv and a vertex € V s.t.

C={e}UP,UP,

where | P,;| = dist(x,u) and | P,,| = dist(x, v).

\. J

Without shift in definition (i.e. it provides an equivalent description/distiguisher for edge short
cycles), the above statement can be reformulated to the following definition by introducing two
cases.

Definition 3.32 (Edge-Short). Let G = (V, E) be a graph.
A cycle C'in G is edge short (e.s.) if Ve = uv € C 3 vertex x in C' s.t.

* if |C] is odd, there exist paths P, and P,, with

C =P UP,U{e} A dist(z,u) = |Puz| = |Ppe| = dist(z,v),

* if |C] is even, there exist a vertex r with edge rx € C and paths P,, and P,, with

C=P,U{rz}UP,,U{e} A dist(r,u) = |Pyr| = |Ppe| = dist(z, v).

This equivalent definition will later prevent multiple enumeration of identical cycles in the
Horton-set; see Construction 3.34.

Observation. For a cycle C' to be edge short it is necessary that for all edges e = uv € C
¢ if C is of odd length, then there exists a vertex x in C' s.t. |P;| = | P, and

« if C is of even length, then there exists an edge ¢/ = cz in path P; s.t. | Py \ {cx}| =
Py (fori # j € {1,2}).

x c x
[ ] ® [ )
Py P,
Py Py
[ J [ ] ® [ )
U € v U € v
odd even
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Proposition 3.33 (HORTON, 1987). Let G be a graph and C' a cycle in G.

C'isrelevant = C'is edge short

Proof. (for odd-case, the even-case works analogue)
Let G be a graph and C' acycle in G.
Proof of contra-positive:

Assume C'is not e.s., hence there exists at least one edge e = wv € C with paths P, P,, C C
S.t.

(i) dist(x,u) < |Pyuz

, or
(i) dist(z,v) < |Pyzl.

W.l.o.g. we can assume that (i) is true. Therefore, there exists a path ) in G from u to z with

QNC # () and

dist(z,u) = |Q| < |Puz|
( is the minimal path from u to x

resulting in a combination of C' = P, & P,, & {e} from smaller cycles

and Cy, = P, © Q & {e}. IC| > |Cy|
= ( cannot be relevant. O

e w

Construction 3.34 (Horton-Set of Cycles). Let G = (V, E) be a graph.

Task: Ve =uv € E,x € V: find edge short cycle of

* odd length:

C={e}® Py ® Py, S.t. |Pyg| = dist(z, u) = dist(x,v) = |Pyy|

* even length: find node » € V with rx € E and

C={e}® Py @{rz} @ Py st |Py|=dist(r,u) =dist(z,v) = | Py
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This Construction 3.34 raises the question about alternative shortest paths:
On the example of an odd-length cycle C, let’s assume that P is an alternative shortest path to
P, resulting in the following cycle constructions:

x
[ ]
Py Py * / ’ *
P C =P oPod{e} C =CaC”
! C' = PleP®{e}
—e
U € v

If P, and P{ are of same length, then C' and C” are interchangeable relevant but don’t appear in
the same MCB due to Greedy algorithm.
= an arbitrary set of shortest paths between selected nodes is fine.

Another question is regarding the size of the Horton-set, and therefore the expected runtime:
* for odd length cycles the maximum number is bound by O(|E| - |V]),
« for even length cycles it is bound by O(|E|?), and

» for the greedy algorithm, especially the independence test we have essentially a gaussian
elimination resulting in O(|E|?) per candidate

= Overall runtime is in O(|E|*).

e N

Definition 3.35 (ZyKov-Cycles). Let G = (V, E) be a graph.
A ZyKov-Cycle is the unigue, minimal cycle through an edge e € E.

Vee E: |[{CleeC A |C|isminimal}| =1

Corollary 3.36. Let G be a graph and C' a cycle in G.

Cis a ZyKov-Cycle = ('is essential.
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Example 3.9. The reverse direction of Corollary 3.36 is not true in general.
Consider again the example graph

AN

.<“ b
%

where A is a ZyKov-Cycle while [ is not. However, [ is indeed an essential cycle.

Example (Periodic Event Scheduling Problem). Use case for cycle bases.

Events vy, ..., v, occur periodically with period 7', however, are subject to constraints.
The relations between events can be visualized as a graph G = (£, .A) with sets of events

£ and activities A
drive (5 wait . drive
IT.

change

drive . drive
Arr. -
\\/ wait

Arr. = Arrival Dep. = Departure

with the corresponding time table 77" and a total “headway” T'.
Additionally, the constraints bound the travel between two events between a lower and
upper limit

ve:(i,j)eAali]’,quERzol ZUSTT‘J*TT‘ZSUU

Events may cross the cycle start, resulting in a periodic offset P;; € Z towards the head-
way time 7"

lij <TT; —TTi+ Py - T < i
The goal is to minimize the passenger travel time

min Y (TT; - TT;) mod (T — ly).
(i,j)eA
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One approach to this is with Mixed Integer linear programming (MIP):
We optimize stack variable (= unknowns) y;; with
yij =TT, —TT; — l;;
utilizing
* the spanning tree 7 = (£, A7) and
¢ the fundamental cycle matrix I':

edges

€1 €9 €3

ci] 0 0 1

Cy | 1 1 0
Cs
Cy

cycles

min E Wij * Yig

(i,5)eA

s.t. I'(y;; + 1) = T - 25 (periodic offset) with

0 <wij <uij — Ui V(i,j) €A
yijeR V(Z,])GA
2y €2 ¥ (i,j) € A\ A,
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Definition (Planarity (informal)). A graph G is planar if there exists a 2D-drawing, s.t.
no edges intersect, i.e. no two edges meet at a point outside of a vertex.

A drawing of a graph upholding the above condition is called plane.

Example 4.1. Considering the example graph K, (complete graph on 4 vertices), the
drawing of the graph as

is not plane, while the drawing

AN

is indeed plane. Hence, K4 is planar.

Definition 4.1 (Graph Embedding). Let G = (V, E) be a graph with |V| = n and X be
a set of 2D-vectors

X = (a1,...,2,) € (R?)"
An embedding of G in R? (in 2D)
g1X]
assigns each vertex v; € V' a unique vector x; € X for1 <1¢ < n.

The embedded graph G[X] is also called framework.
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Definition 4.2 (Planarity). Let G = (V, E) be an undirected graph and G[X] a frame-
work.
For each edge e = {x, y} (with respective vectors & and ¢) we define the curve function

by : [0,1] — R?
such that
(i) 0= Zand 1 — 7,
(ii) ¢y is continuous and free of intersections, and
(iii) ¢z, is well-defined and injective
Vit €0,1]:  duy(t) = ¢uy(t) & t =1

Additionally, all pairs of curve functions must themselves be free of intersections, i.e. for
all pairs of edges {z, y}, {u,v} € E (with respective vectors Z, ¥, @, and %) holds

Pay[0,1] O du[0, 1] = {T, g} N4, ¥

X

T
N
Py <° N i u \J y=u
y .> d)uv ¢x?><¢uv w)
v ° v L4 o °

Yy v
ok not ok ok

If such a framework and curve functions exist, the graph is called planar.

\. J

The logically next question would be: How do we know if a graph is planar?
A naive approach would list all possible drawings until a planar one is found, however, exhaus-
tively creating all drawings of a graph is not feasible.

Observation 4.2.1. If a graph G is planar, then every subgraph of G is also planar.
More importantly, the contra-positive states:

3 non-planar subgraph H of G = G is not planar.
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Example 4.2. Two famous non-planar graphs are the K5 (complete graph on 5 vertices)

Ly

and the K3 3 (complete bipartite graph on 6 vertices)

XX

Definition 4.3 (Minor Operations). Let G = (V, E') be a graph.
(i) removal of isolated vertex u (v € V : uv € E), resulting in the graph
G'=(V\{u},E)
(i) removal of an edge e (without removing the incident vertices), resulting in the
graph
G'=(V,E\{e})

(iii) edge contraction, which identifies two vertices x, y (connected by an edge e = xy)
to a new vertex v, = (z = y)

PR,

resulting in the graph G’ = (V’, E’) with
V=V {z,y} U{ve}

E' ={vw e E | {v,w}n{z,y} =0}
U{vew |wz € E\ {w} V yw € E\ {e}}

Definition 4.4 (Minor Graph). Let G be a graph.
A graph H is called a minor of G if there exists a sequence of minor operations (i), (ii),
and (iii), transforming G into H.
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Observation. Let G be a graph.
Every subgraph og G is also a minor of G, but not every minor is also a subgraph.

Theorem 4.5. Let G be a graph.
G is planar =- every minor of G is planar.

Hence, if G has a non-planar minor, then G is not planar.

Theorem 4.6 (KURATOWSKI, WAGNER). A graph G is planar if and only if its minors
include neither K5 nor K3 3 (see Example 4.2).

Observation 4.6.1. Let G be a graph.
If G is planar, then there exists an intersection free drawing in R? and especially an
intersection free drawing on the surface of a sphere.

Q

The process starts by selecting a point P € R? s.t. P is not part of the graph drawing
(“south pole” of the sphere) an a second point () € R? above P along the normal vector
of the plane (“north pole” of the sphere).

For each point z of the drawing, construct a straight line @ and project the point = along
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that line to the surface of the sphere:

projection ' = @ N sphere \ { P}

Definition 4.7 (Face). Let G be a graph.
A face is an “enclosed area” in a drawing of G.

They are further distinguished into
* inner faces Fy, Fy, ... which are bound by edges on all sides, and
o the outer face F'*° which ‘contains’ the graph and is bound by infinity.

When denoting a face of a planar graph G, we always imply that it is a face of a plane
drawing of G.

Example 4.3. The example graph G with the drawing

has Fy and F3 as inner faces and the (unbound) outer face F'*°.

Observation. Every face of a graph can be made the outer face by projecting the drawing
onto the sphere, then rotating the sphere s.t. the point () lies within the “new” outer face
(the face spans over the “north pole” of the sphere), and then projecting back to 2D space.

am N7
vadll N

For simplicity, the coloring of the actually infinite outer face on the rhs. is limited to a
surrounding square.
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\.

Theorem 4.8 (Euler’s Formula). Let G = (V, E) be a connected plane graph (drawing)
and | F'| be the number of faces.

VI =Bl +|F| =2

Proof. Let G = (V, E) be a connected graph with a plane drawing.
We prove Euler’s Formula by induction over the number of edges |E/|.

Induction Predicate P(n):
If |[E| =n, then |V|— |E| + |F| = 2.

Basic step:
For |[E| = 1 we only have a single edge connecting two points. The only possible face
thereby is the outer face F'*°:

V|- |E|+|F|=2-1-1=2
Therefore, P(1) is true.

Induction requirement (IR):
Let P(k) be true for some k > 1.

Induction hypothesis (IH):
P(k)= P(k+1)

Induction step (IS):
We know that for | F| = k the formula holds. When increasing the number of edges on a
connected graph, we only have two options:

(i) We add a new vertex and connect it to an existing one. The new vertex therefore
has to lie within an existing face and, therefore, adding the edge won’t change the
number of faces:

(IVI+1) = (E[+1)+|F] =2

(i) We add an edge between two existing vertices, thus seperating the incident face into
two parts (along the new edge):

VI-(E[+ 1)+ (F|+1) =2

= P(k +1) is true.
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4.1. Cycle Bases in Planar Graph

Observation. Regarding a plane drawing of a graph G = (V, E), every inner (or bounded)
face is delimited by an elementary cycle in G.
Additionally, from Euler’s formula we know
|F| = |E| = [V[+2 -1
[Fl=1=E-|V]-1
@)

therefore, the cyclomatic number corresponds to the number of bound faces.

In fact, the cycles bounding each inner face can be ordered to form an ear cycle basis of

g.

Definition 4.9. Let G = (V, E') be a planar graph.

For any inner face F; in G with 1 < i < p(G), in formulas we may use F; as a denotation
for its bounding cycle C; in G.

Regarding the outer (or exterior) face /"> we additionally denote

w(9)
ext(G) := F® = @ F,.
=1

Observation. Let G be a planar graph.
Every edge is contained in at most two bounded faces (i.e. in the cycles bounding an inner
face) and exactly two faces (including the exterior face):

m9)
P F @ ext(g) = 0.

=1

Definition 4.10 (Two-Bases). Let G = (V, E') be a planar graph.
A cycle basis B of G is called a two-basis of G if every edge is contained in at most two
cycles of B:

VecE: [{CeBlecC} <2
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Observation. For a planar graph G, the cycles of the bounded faces of G form a two-basis

of G.

Theorem 4.11 (MAC LANE, 1937). A graph G is planar if and only if it has a two-basis.

\. J

Before proving above theorem, we first need to provide the following lemma.

e N

Lemma 4.12. Let G be a graph and H a minor of G.

G has a two-basis = H has a two-basis.

forming minors preserves the property of having a two-basis

\. J

Proof. Let G = (V, E') be a graph with a two-basis 5.
We need to prove that the minor operations (Definition 4.3) do not affect the property of having
a two-basis.

The operations (i) node deletion and (iii) edge contraction obviously preserve the preserve the
property of minors having a two-basis as well.
Therefore, we only need to look at edge deletion:

Lete € Fand G’ := (V, E'\ {e}). By construction we know that x(G’") = u(g) — 1.
We differentiate the following cases:

1) If e is contained in exactly one cycle C' € B, then
B :=B\{C}CB

is a linear independent set of cycles with length |B| = u(G").

= B’ is acycle basis of G'.

By construction, each edge in G is still contained in at most two cycles of 1.
= B’ is a two-basis.

2) If e is contained in exactly two cycles C'1, Cy € B, then
B =B\ {C1,Co} U {ext(G)}

is a set of cycles with |B'| = u(G’) and as e € C and e € Cy we know that, due to the
sum (), e ¢ ext(G).

As every edge, that appears in two cycles in BB, does not appear in ext(G), due to the sum
(d), and every edge, that appears in only one cycle in 3, appears in ext(G), we know that
B’ is a two-basis of G'.
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Geometrical Visualization:

The joined face of C; and C, that we get after deleting edge e, can be made the outer face
(Observation 4.6.1).

Therefore the previous outer face becomes a bounded face and can thus be used in the
basis construction.

=- Every minor of G also has a two-basis.
Now we can prove Theorem 4.11.
Proof. Let G be a graph.

(‘=") Assume G is planar.
= dtwo-basis of G, namely the cycles bounding the inner faces of G.

(‘<) Assume G has a two-basis 5.
Lemma 4.12 = every minor of G has a two-basis.
Proof by contradiction:

Assume: G is not planar.
Theorem 4.6 = K or K33 3 has a two-basis.
* The K5 = (V, E) has |V| = 5 and |E| = 10 with its cyclomatic number
WKs)=|E|—|V|+1=10-5+1=6

= 7 faces (including ext(K)) with every face being definied by at least 3 edges.
However, 2 - |E| is the number of edges that must appear in all faces together (in-
cluding ext(K5)).

2. |B|=20>21=7-3 4

e The K33 = (V,E) has |[V| = 6 and |E| = 9 with its cyclomatic number

= 5 faces (including ext (K3 3)) with every face being definied by at least 4 edges
(because K3 3 is bipartite).

However, 2 - |F| is the number of edges that must appear in all faces together (in-
cluding ext(K3 3)).

2. |E|=18>20="5-4 4

= @ is planar.
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Definition 4.13 (Maximal Planarity). Let G be a planar graph.
G is called maximally planar if every inner face is bound by cycle of length 3 (triangular
faces).

Example 4.4. The following pentagonal graph G, can be completed into a maximally
planar graph by adding the red edges:

N
)

Observation 4.13.1. Regarding a planar graph G = (V, E), Euler’s formula can be
rewritten as

Bl = |F|=[V]-2.

Additionally, every edge is adjacent to exactly two faces and in turn every face (its de-
scriptive cycle) is made up of at least 3 edges, resulting in

[El <3(]V]-2).

This formula is an equality, if every face is a triangle, i.e. if G is maximally planar
Bl =3(V]-2).

We know that the average vertex degree in G is

1 2B _2-3-(|V|-2 12
deg(g):mZdeg(x): H‘/\|S ’(l/’\ )_6_M<6

= There is at least one vertex x in a planar graph s.t. deg(x) < 5.

Definition 4.14 (Deficiency). Let G = (V, E) be a graph and v € V.
The deficiency of vertex v is

def(v) := 6 — deg(v).
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Corollary 4.15. In a maximally planar graph, the sum of the deficiencies is 12.

Proof. Let G = (V, E) be a maximally planar graph.
We know the equality

[El=3(]V]-2)

holds. Thus we get

> def(v) =) (6 deg(v)) = 6]V| - 6(]V| - 2) = 12.

veV veV

O]

As a refinement of our definition for graph drawings, where edge are drawn as curve functions,
we introduce the following theorem:

Theorem 4.16 (FARY’s Theorem). Every planar graph has an embedding in the 2D-plane
s.t. all edges are drawn as straight lines.

Proof. Let G = (V, E) be a planar graph.

W.l.o.g. we can assume all graphs in this proof (if not stated otherwise) to be maximally planar,
as for every not-maximally planar subgraph, the deletion of an edge from the plane drawing (of
the maximally planar graph) does not change the straight-line property of the other edges.

If |V| = 1, the embedding is trivial and if |V'| = 2 there can exist at most one edge in G which
can be trivially drawn as a straight line.

For graphs with more than two vertices we prove by induction over |V|.

* Induction Predicate P(n):
Every planar graph G = (V, E) of |V| = n > 3 vertices can be re-embedded in the plane
s.t. the corners {a,b,c} C V of a triangular face delimit the external face and all edges
are straight lines.

* Basic step:
For a graph G3 = (V, E) with |V| = 3, the graph can be re-embedded into the plane with
identical coordinates and straight lines as edges:

SRR IVAN

* Induction requirement (IR):
Let P(k) be true for some k > 3.

= P(3) holds.
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* Induction hypothesis (IH):
P(k)= P(k+1)

* Induction step (IS):
Let Gy1 = (V, E) be a planar graph with |V| = k + 1 and {a, b, ¢} C V a set of distinct
vertices.

We claim that there exists a vertex v € V with at most 5 neighbors and v ¢ {a, b, c}.
From Observation 4.13.1 we know that there exists at least one vertex with at most 5 neigh-
bors.

As G4 1 is maximally planar, we also know
VeV : deg(x) > 3 and hence def(x) =6 — deg(x) <3

As the sum of deficiencies in G4 is 12 (cf. Corollary 4.15), there are at least 4 vertices
with a deficiency larger than zero and, therefore, a degree less than or equal to 5.
Thus, there must exists a vertex v ¢ {a, b, ¢} with deg(v) < 5, which proves our claim.

We then find v ¢ {a, b, ¢} with 3 < deg(v) < 5. Under the exhibition theorem (see later),
we can assume the most difficult case that deg(v) = 5.
Consider the embedding of Gy 1

2,003 N2, 3
- NN - - AN -
AT 17T
S w K
x5 5

(*1) remove v and make maximally planar

resulting in the RHS embedded graph G’ with k vertices.
(IR) = G’ can be re-embedded with only straight edges.

\2/\3/ \2/\3/
N& s NIy N& s NIy

V_ (*2) / (*3)
‘;1_,////.\&\_% = ‘;1 //)Nr\.4 =

(x2) remove the previously added edges
(*3) reinsert v

Under the exhibition theorem, Gy 1 can therefore be drawn as a planar graph with only
straight lines.
= P(k +1) is true.
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Above prove leverages a result from geometry:

Theorem 4.17 (Specification of the exhibition theorem). In an arbitrary, regular pen-
tagon there is always a point in the interior from which all corners can be reached with a
straight line without crossing any edges of the pentagon.
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Literature lists a lot of graph coloring definitions and problems thereby, however, we will only
look at one type of graph coloring problems.

e w

Definition 5.1 (Proper Vertex Coloring). Let G = (V, E) be an undirected graph and
{1,...,c} asetof ¢ colors (usually actual colors or C N*).
A graph coloring is a function

o:V—={l,...,c}
The graph coloring is called proper if

V{z,y} € E: o(z) # o(y).

all vertices connected by edges have different colors

Example 5.1. For the example graph G = (V, E) with the (not-proper) coloring o

€z Y

because o(x) = o(y) for {x,y} € E, and a proper coloring o’
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Definition 5.2 (Graph Coloring Problem). Let G = (V, E) be an undirected graph.
The instance of the graph coloring problem on this graph describes finding a proper ver-
tex coloring

o:V—={l,...,¢}
of G, that uses the minimal number of necessary colors, i.e.
c=1V Vpropera’ : V — {1,...,c} holdsc < (.
This minimum number of colors for G is called the

CHROMATIC number x(G).

Remark. The decision problem for Graph Coloring is NP-complete.

Observation. Regarding the chromatic number of a graph G = (V, E'), we know certains
bounds based on the type of G:
* bipartite graph:
- general: x(G) < 2,
- if |[E| > 1: x(G) =2
* graph consisting of a single elementary cycle:
- if |[V]|even: x(G) = 2,
- if |V] odd: x(G) = 3
* complete graph:
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Observation. Let G = (V, E) be an undirected graph.
Reminding on the average degree in a graph G (cf. Definition 1.6)

A(G) = max deg(x)

then we get an upper bound for the chromatic number

x(9) <A(G) +1

which is an equality, i.e. x(G) = A(G) + 1, if and only if G is complete or a vertex
disjoint union of elementary cycles containing at least one cycle of odd length.
Hence we cannot improve on this upper bound any further, at least for general graphs.

J

One slight improvement on the bound is through the following theorem, which we for now state
without proof:

7

Theorem 5.3 (BROOK’s theorem). Let G be a graph with A(G) > 3.

VneN: G#£K, = x(G)<A(G)

if G is not complete, the upper bound is A(G)

5.1. Coloring in Planar Graphs

Theorem 5.4 (6-Colorability). Every planar graph can colored with at most 6 colors.

Proof. We prove by induction over the number of vertices.

* Induction Predicate P(n):
6 colors suffice for all planar graphs G = (V, E)) with |V| = n vertices.

* Basic step:
For any graph G = (V, E)) with |V'| < 6 the proof is trivial.

* Induction requirement (IR):
Let P(k) be true for some k > 6.

* Induction hypothesis (IH):
P(k)= P(k+1)
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* Induction step (IS):
Let Gy11 = (V, E) be a planar graph with |V| =k + 1.
We already know there exists at least one vertex v € V' with deg(v) < 5.
Defining G’ :== G ‘ V\{v} We know from (IR) that G’ is 6-colorable.
Thus, let o be a 6-coloring of G'.
As v has < 5 neighbors with < 5 distinct colors given by o, so use the sixth color for v,
which yields a 6-coloring & for G extending o.
= P(k +1) is true.

The 6-colorability for planar graphs can be further improved:

Theorem 5.5 (5-Colorability). Every planar graph is 5-colorable.

Proof. We again prove by induction over the number of vertices.

* Induction Predicate P(n):
5 colors suffice for all planar graphs G = (V, E) with |V| = n vertices.

* Basic step:
For any graph G = (V, E)) with |V'| < 5 the proof is trivial.

* Induction requirement (IR):
Let P(k) be true for some k > 5.

* Induction hypothesis (IH):
P(k)= P(k+1)

* Induction step (IS):
Let Grr1 = (V, E) be a planar graph with |[V| = k 4+ 1 and let v € V be a vertex with
deg(v) < 5.
If v has less than 5 neighbors, the coloring is trivial/ analogous to the previous proof.
Therefore, we only need to consider the case of deg(v) = 5.
Defining G’ := G ‘ v\{v} We know from (IR) that G’ is 5-colorable.
Thus, let o be a 5-coloring of G'.
W.l.o.g. we can assume that all neighbors of v have distinct colors, as the coloring again
would be trivial otherwise. Hence, the neighborhood of v can be seen as follows

e

c
v 0
d

[ J
e

as a visual aid the colors € N are drawn As actual colors: 1, 2, 3, 4, 5.
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Consider the subgraph of G’ induced by the vertices with color o(a) = 1 or o(c) = 3, i.e.
denote G'[1, 3] := g’\v, with V' :={z € G | o(z) = 0(a) V o(z) = o(c)}.

Case 1) Vertices a and c are in different connected components of G'[1, 3].
Then, swap colors assigned | and 3 in the component containing ¢ and color o (v) =
3.

Case 2) Vertices a and c are in the same connected component of G'[1, 3].
Therefore, there exists a 1,3-colored path connecting a and c:

This path plus ¢ — v — a closes a cycle that contains b but not d in the planar graph
embedding.

We now consider the subgraph of G’ induced by the vertices with color o(b) = 2 or
o(d) =4,ie. G'[2,4].

Case 2a) Vertices b and d are in different connected components of G'[2, 4].
Then, swap colors assigned 2 and 4 in the component containing d and color
o(v) =4.

Case 2b) Vertices a and c are in the same connected component of G'[2, 4].
Therefore, there exists a 2,4-colored path connecting b and d:

However, this path crosses the 1,3-path from a to c.

Since G is planar embedded, edges do not cross outside of a vertex, hence both
paths must have a vertex in common. 4
= Case 2b) does never happen for planar embeddings.

= @ has a proper 5-coloring.
= P(k +1) is true.

Page 74 of 98



5. Graph Coloring

There also exist a further improvement on the 5-colorability for planar graphs:

Theorem 5.6 (4-Colorability). Every planar graph is 4-colorable.

Remark. The “proof” of above theorem was done through computer calculation for
testing the finite number of minimal possible counter examples and, to date, no proof via
purely pen-&-paper exists.

As preparation for proving Brook’s theorem we introduce the following construction/ procedure
PATHCOLOR:

Construction 5.7. Let G = (V, E) be a graph.
Suppose we have a partial (proper) coloring of G and let v1vs ... v, be a path in G that
has remained uncolored.

Now consider G with maximum degree A(G) < k and suppose we have a partial k-
coloring and P = v1v3 . .. v, is a maximum, non-colored path in G.

Then the starting node of the path, vy, has at most k — 1 neighbors in G’ := G — P, which
leaves at least one color left to color v;:

This process can then be extended along P up until the very last vertex.
= PATHCOLOR extends the given coloring to all vertices of the path, except the last vertex
(vr).

\. J

Proof of Brook’s Theorem. Let G = (V, E) be a graph with A(G) > 3andVn € N: G # K,.

If G is made up of a single elementary cycle, we know already that Brook’s theorem holds.
Therefore we can assume G to not be a single elementary cycle and especially not a cycle of odd
length.

It is possible to require graph connectedness for each following step, as it would otherwise be a
disjoint union of smaller subgraphs, however, the same can also be concluded later on (see Case
2.a).
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5. Graph Coloring

Denote k := A(G). We prove by induction over |V|:

Induction Predicate P(n):
For any graph G = (V, E) with |V| = n, k = A(G) and above restrictions, there exists a
proper k-coloring for G.

Basic step:
For any graph G = (V, E)) with |V'| < k the proof is trivial.

Induction requirement (IR):
Let P(n') be true for some n' > k.

Induction hypothesis (IH):
P(n')= P(n'+1)

Induction step (IS):
Let G = (V, E) be a graph with mentioned restrictions and |V| = n’ + 1.

- Assume G is not regular, i.e. 3v € V with deg(v) < A(G) = k.
By (IR) there exists a k-coloring of G’ := G|\ (4}
= As v has at most k¥ — 1 neighbors, there is at least one color left to color v.

- Now we assume that G is regular, i.e. Vv € V : deg(v) = A(G) = k.
Let v € V be an arbitrary vertex in G.
Then v must have two neighbors x and y that are not adjacent, as by assumption,
G does not contain a clique on k£ + 1 (or more) vertices.
Let P = xvyv4vs ... v, be a path that is maximal in G (i.e. there exists no longer
path starting with z-v-y).

We can distinguish two cases:

Case 1) P covers all vertices in G. = v, = v, with |V| =n
We start by picking the same color for x = v; and y = vs.

T Y

We determine v; with 3 < j < n s.t. v; is a neighbor of v. We know that such
a vj must exists, because deg(v) = A(G) > 3 by assumption.

Vj+1 Yj
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Next, we call PATHCOLOR on P, = vy ...v; which colors the path up to and
including v;_1:

Vj+1 Yj

Afterwards, we call PATHCOLOR on P = v,vp_1...v;410;v so only v re-
mains uncolored:

Vj+1 YU

_ J—

e ; ~eo

/, A

// U \\

/7 = 1

7/ 1

/ !

® : ’
n T Y Uy

As v has A(G) = k neighbors but z and y have the same color and therefore
there remains at least one color to color v.

Case 2) P does not cover all vertices in G, i.e. P “gets stuck” in v, with r < |V/|.
= all neighbors of v, are in P.
Let v; be the vertex with the smallest 7 < r that is a neighbor of v;..

Uj

Then the subpath P’ = v;...v,_jv, of P with the additional edge {v,,v;}
forms a cycle

C =P U{{v,vj}}.

Consider G’ as G without C.
By (IR) there exists a k-coloring of G’, which is a partial coloring of G.
We can (possibly) distinguish two cases:

Case 2.a) C and G’ are not connected by an edge, hence P = P’.

Then G is the disjoint union of C' and G’ and therefore both get separate
k-colorings, which exist by (IR).
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Case 2.b) C and G’ are connected by an edge.
Then, let v; in C be the vertex with the highest index, s.t. v; is connected
to G. We know v, # ;.

Uj
-7 TS AN
7z ~ 7z ~
7’ A 7’ A
7/ N 7/ A
’ \ Vi+1 @ \
/ \ \
N \ \
Il \ Uy ’ \
!/ 1 y 1
1
\ g {:97. ] "
I
Y ru v :
/7 /7
AY \
’ y 4
AN AN
e
. . . 2o
- - N -7 U

By construction, vy, has no neighbors in G'.
We assign v;+1 to have the same color as v and then call PATHCOLOR on

Vi42 ... Up05...010

which colors the entire cycle except v;.
As v; has A(G) = k neighbors but v and v;1; have the same color and
therefore there remains at least one color to color v;.

O
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Definition 6.1 (Complement). Let G = (V, E) be an undirected graph.
Then G = (V, E©) with

EC = (VxV)\E

is the complement of G.

Example 6.1. For some connected graphs, their complement graph consists of multiple
connected components.

X

Definition 6.2. CoGraphs (abrv. complement-reducible graphs) are defined inductively
as follows:

* Kj is a cograph.
* The disjoint union of two (or more) cographs is a cograph.

* The complement of a cograph is a cograph.
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Definition 6.3 (Graph Join). Let G = (V, E) and H = (V' E’) be two (disjoint) graphs.
The join G V H := (V*, E) has

e the vertex set V* =V UV’ and

e theedgeset E* = FEUE' U (V x V).

Example 6.2. Given the graphs

Yy
g 1 2 3 and H /;\.
X z

their join is (new added edges in red):

1 x
[ } [ J
2 o { 0}
[ J [ ]
3 z

Observation 6.3.1. The correspondence between the disjoint union and the join of two
graphs G and H is

GUH=GVH and GVH=GUH.

This also concludes that the join of two cographs is a cograph.

Algorithm 6.1. CoGraphs cen be recognized via the following recursive algorithm:
e Input: a graph G

e If G is not connected:

— Run algorithm on each connected component

* Else, if G is connected:

- If G = Kq: return true
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— Else, construct G
— If G is also connected: return false
— Else:

* Run algorithm on g

Remark. Both the Definition 6.2 and Algorithm 6.1 associate a co-tree to the cograph.

Example 6.3. Given the following co-tree

\Y

/
Y
/N
\Y S
/\ /\
K1 K1 K1 Kl Kl

starting with five K graphs, denoted through vertices a — e, we get a step-wise construc-
tion of the cograph by

K,V Ky: KUK
[ ] [ ]

b d

then, the combination to (K V K7) U (K7 U K7)

a Cc
[ ] ®

b d

and the final cograph ((K; vV K1) U (K1 U Kq)) vV Kq:

a C
[ ] ®

b d
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Observation 6.3.2. The coloring of cographs again is given inductively.
* Kj is trivially 1-colorable

* disjoint union (U):
determine the connected component with the maximum number of colors, then
re-color all other connected components with this set of colors

* joins (V):
for a join of two cographs G = (V, E) and H = (V’, E’), their vertex sets V' and
V'’ must have disjoint color sets as all nodes from G are connected by an edge to
all nodes of H.

Therefore, the chromatic numbers are:
* x(K1) =1
* X(G UH) =max{x(G), x(H)}
* X(G VH)=x(9)+x(H)

Example 6.4. Considering the same co-tree from Example 6.3, we start with 5 K graphs,
which all have their own 1-coloring:

® ® ® . .

a b c d e

The coloring for all the steps are then constructed as by above observation:

a C a C

® ®

and and

® ®
b d b d

resulting in the final, colored cograph:

a C

.
e
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Observation 6.3.3. Due to the commutativity of both the join and the disjoint union, co-
trees can be converted into so called discriminating co-trees by contracting edges between
vertices with the same operation:

v/v\ \Y
V/ \U \Y - G
ANATA /\

a b c def a b cdef
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Definition 7.1 (Graph isomorphism). Let G = (V, E) and H = (V’, E’) be graphs.
A mapping (or function)

0: V=V
such that
(D) Vz,yeV: {z,y}eFE < {p(z),o(y)} € E' and
(2) ¢ is bijective

then ¢ is called a graph isomorphism.

Two graphs G and H are called isomorphic if there exists such a graph isomor-
phism between them and we write

G~H.

~ is an equivalence relation.

Example 7.1. Two isomorphic graphs G (LHS) and ‘H (RHS):
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Definition 7.2 (Graph Invariant). Let & be the set of all graphs and X a set of structures
(e.g. N or strings over the alphabet A = {0,1}).
A function

f: 62X
is called a graph invariant if for all two graphs G, H € & holds

GoH = f(G)=f(H).

Example. Some examples of graph invariants are:
* the number of vertices and the number of edges
¢ the cyclomatic number
* the laplacian spectrum of a graph
* the number of cycles of a specific length in a MCB

* the “degree sequence”, i.e. the list of the number of vertices for each degree, or-
dered by degree

* the chromatic number
* whether a graph is planar

» whether a graph is a cograph

Algorithm 7.1 (Isomorphism of Trees). An isomorphism between trees can be con-
structed through the following tree invariant:

1) Isomorphism of rooted ordered trees:
* Assign a pair of parantheses to each leaf vertex.

* For every parent vertex, the label is

( labels of the children in order )
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(NOONOOIOOWOON)

OO0 O OXQ;

The label of the root is an invariant of the rooted ordered tree.

Often the label is binary encoded through '("— 0 and’)" — 1.

2) Isomorphism of rooted unordered trees:
The procedure is identical to rooted ordered trees, however, to create unique labels
for all vertices, the label of each parent vertex is

( lexicographically ordered list of the labels of the children )

3) Isomorphism of trees:
For an arbitrary tree 7' = (V, E) and a vertex v € V/, the eccentricity of v is the
length of the longest path to all other vertices

p= dist .
ecc(v) max dis (v, )

We can then define the center of the tree center(7") as a vertex of minimal eccen-
tricity.

The center must be on the longest path and also must be the center of this path,
either the exact central vertex or the two vertices incident to the central edge.
= 1 or 2 unique centers of the tree.

Using the unique label string of the unordered tree rooted at the center (or the
lexicographically smaller one of the unique label strings from both possible roots),
we get an invariant for trees in general.

= polynomial-time algorithm for tree isomorphism.
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Remark. The discriminating co-trees of isomorphic cographs are also isomorphic.
Additionally, as co-trees can be computed from cographs in linear time, the cograph
isomorphism can be solved in linear time.

Another graph category with a poly-time algorithm for isomorphism tests are planar graphs. For
those, we utilize the following concept:

e N

Algorithm 7.2 (WEINBERG’s Code). Let G = (V, E) be a planar 3-connected graph.
The idea is to find a code for any edge on the planar drawing of the graph.

We start with a plane drawing of the graph. This construction works on any embedding
but due to G being planar we can assume a plane drawing w.l.0.g.

* Replace every edge by 2 directed edges in opposite directions resulting in |E’| =
2|E| (creates an even number of edges and even degrees, required for Euler-Tour)

SN ON

* choose either clockwise or anti-clockwise orientation for the edges (typically anti-
clockwise is chosen)

clockwise: anti-clockwise:

N O\

* Ve € FE’ create tour code as follows:
(i) start by going along e and keep track of visited edges and vertices

(i1)) When a new vertex is reached (), exit (—) to the first unused edge on the
right (from entering perspective):

[
N
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(iii) When a previously encountered vertex (e) is reached (), and the “back-
edge” (i.e. the edge opposing the current one) is unused, exit (—) along the

“back-edge”: <.>
AN\

(iv) When a previously encountered vertex (e) is reached (—), and the “back-
edge” (i.e. the edge opposing the current one) is has already been used (—),
exit (—) to the first unused edge on the right:

!
2N

(v) The code is the sequence of visited vertices.

Applying this gives us the “right code” (anti-clockwise decisions during the tour)
for each edge. Repeat same process for all edges using left instead of right, i.e.
with clockwise decisions during the tour.

Example 7.2. Consider the following graph where the undirected edges have already
been replaced by 2 opposing directed edges each:
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The “right code” for the edge (1, 2) is constructed as follows:

Step 1 Step 2

)
)

Tour-Code Tour-Code
1,2 1,2,3
Step 3 Step 4

o)
o)

Tour-Code Tour-Code
1,2,3,1 1,2,3,1,3
Step 5 Step 6

)
)

Tour-Code Tour-Code
1,2,3,1,3,4 1,2,3,1,3,4,1
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Step 7 Step 8

)
)

Tour-Code Tour-Code
1,2,3,1,3,4,1,4 1,2,3,1,3,4,1,4,2
Step 9 Step 10

)
)

Tour-Code Tour-Code
1,2,3,1,3,4,1,4,2.4 1,2,3,1,3,4,1,4,2,4,3
Step 11 Step 12

)
)

Tour-Code final Tour-Code
1,2,3,1,3,4,1,4,2,4,3,2 1,2,3,1,3,4,1,4,2,4,3,2,1

This process needs to be repeated for every other edge and then entirely again for all
edges in clockwise direction.
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Algorithm 7.3. Let G = (V| E) be a planar 3-connected graph.

By construction, G has 4 - | E| Weinberg’s codes, which each have a length of 2| | + 1.
As G is planar we know that 3|V | — 6 > |E].

= we can use number of vertices for complexity estimation.

» Store all codes in a matrix of size O(|V|?).

* Sort the matrix rows using radir or distribution sort (assuming that all vertices are
unique integers).

* 2 graphs G and H are isomorphic if and only if their sorted matrices are identical.

Algorithm 7.4 (WEISFEILER-LEHMANN Isomorphism Test).
A heuristic for general graph isomorpism, i.e. regarding two graphs G; and Gs

« if the test fails, G; and G5 are not isomorphic,

* if the test is successful, G; and G might be isomorphic.

For the general idea:

Through an iterative process are the neighborhood characteristics (with incrementing
distance) compared between the two graphs. As these features are stored in each vertex,
the algorithm checks for at least one existing bijection by mapping the histograms of the
feature codes onto each other.

Onto the actual algorithm:

* In each step ¢, every vertex n is annotated by a tuple Cj ,, containing the old
compressed label and a multi-set of the old compressed labels of the neighboring
vertices

multi-set: the element order is irrelevant but elements may appear more than once

* on every step we need to recompute the (compressed) labels through a suitable
hash function (e.g. “increasing integers”)

* for notation we will use Cj ,, as tuples and &; ,, as compressed labels

* each step is calculated on both graphs in parallel and they share the same hash
function

Steps:
1) VkeV: define €y =1
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2) for every iteration? > landV k € V:

Cik = (€11, {€i—12 | T € N(K)})
Q:i,k = hash(Ciyk)

3) after each iteration step:

* partition the nodes by their compressed labels ; 1, i.e. construct histogram
over all present labels

* test if both graphs have the same partition, i.e. is the multi-set of compressed
labels identical for both graphs

« if the partitions are not the same/ diverge, then reject G; and Gy as not iso-
morphic

4) otherwise repeat steps 2) and 3) until ¢ = |V/| or partitions don’t change.

\. J

The following showcases the iterative process for one graph. For a full example on two graphs
see Example 7.4.

Example 7.3. Consider the following graph G = (V, E') annotated initial compressed

labels € j, for each vertex k € V.

For simplicity, the old compressed label will be written inside the nodes and the current
annotated tuple in its proximity. On the right hand side, current continuation of the hash
table.
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(L{1,1,1})
(L{1,1})
hash
. 1411 initial 1
=t @( - ({11} |2
(L,{1,1,1}) | 3
(1,{1,1})
(L{1,1,1})
= Compare multi-set {2, 2,2, 3, 3} to the second graph. Halt on mismatch.
(3.{2,2,3})
(2.{2,3})
hash
. @{23) |4
(2.{3,3}) |5
(3,{2,2,3}) | 6
(2.{2,3})
(3.{2,2,3})
= Compare multi-set {4,4, 5, 6,6} to the second graph. Halt on mismatch.
(6,{4,5,6})
4 {4,6})
hash
5 {6 6} (4a {47 6}) 7
(5,{6,6}) |8
(6,{4,5,6}) | 9
(4,{4,6})
(6, {4 5,6})

.. Pattern should be understandable from here.
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Example 7.4. Considering the two graphs

o-Q Q
O@ @Q and O@ O

For better readability (and as they are identical for all vertices on each step), the calculated
tuples for each vertex are omitted.

e P —
e e e o

where all vertices on both graphs have the same label (1, {1,1}).
Thus the multi-set over all new compressed labels is {2, 2, 2,2, 2,2} for both graphs.

00
i=2 @@@@ @? é@ E 23

where all vertices on both graphs have the same label (2, {2,2}).
Thus the multi-set over all new compressed labels is {3, 3,3,3,3,3} for both graphs.

= for all steps up to i = |V| = 6 the multi-set over the present compressed edges is
identical between the two graphs, therefore, the Weisfeiler-Lehmann Isomorpism Test is
successful.

However, both graphs are obviously not isomorphic.
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Definition 8.1. Let G = (V, E) be a graph with |V| =nand V = {0,1,...,n — 1}.
Define the binomial coefficient (Z) withn > k > 0 as

(&)

possibilities to draw k elements from n, ignoring order

Definition 8.2 (Uniform Random Graphs, aka. original Erd6s-Rényi model).
Let &, ,,, be the family of all graphs with |V| = n and |E| = m.
For any G € &, ,,, we assign the same probability

ro)= (D)

Definition 8.3 (Binomial Random Graphs, aka. Erds-Rényi-Gilbert model).
* start with graph with n vertices and no edges
* every edge has the same probability p € [0, 1] to be added

Let &,, , be the family of all graphs with |V | = n and probability p for an edge to appear.
Forany G = (V, E) € 8,,,,, we assign the probability

P(G) =p™ - (1 —p)&)™  with [E| = m.

Lemma 8.4. Any binomial graph with n vertices and m edges has the same probability

((3))?
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Proof (simplified). Let G = (V, E') be a graph.
The calculation of conditional probability is given by

P(AN B)

PA]B) = 55

The probability for the graph then comes out to

P(G e &,, | |E|=m)"

P (1—p) &)
((;2;)) pm (1 _p)(g)_m

(x) reduced superset of possibilities

Observation (Properties of &,, ;).
« graphs have on average () - p edges

* distribution, that any particular vertex has degree k is

-1
pldes(o) =) = (" 1) -
As this is a binomial distribution we know the expected value and variance:

p-(n—1)
p-(1=p)-(n—1)

E(deg(v) = k)

Definition 8.5 (Independence Number). Let G = (V, E) be a graph.
The independence number

a(G) =max{|V'| |V CV AVz,yeV': zy ¢ E}

is the size of the largest set of vertices, s.t. no two vertices are adjacent.
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The opposite of the independence number is the (maximum) clique in a graph.

7

Definition 8.6 ((Maximum) Clique). Let G = (V, E) be a graph.
The (maximum) clique

cli(G) = max{|V'| |V CV AVax,yeV': zye E}

is the size of the largest set of vertices, where every pair of vertices is adjacent.

Observation. Interesting properties of graphs G € &,, ,:

* the probability that the independence number is at least k:
Pa@) 2 k) < (1) (1 -n®
* the probability that the (maximum) clique is at least k:
P(cli(G) > k) < (Z) p(3)

* What is the expected number of cycles of length k for any G € &, ,,?
-Let(n)g:=n-n—1)-(n—2)-...-(n—k+1).
possibilities to draw k£ elements ordered from n

— Every k-cycle has 2k sequences (k random starting points, 2 walking direc-
tions).

- Let |Cy| be the number of possible k-cycles in a graph of &, ,,. We know

_ (M

resulting in the expected value
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